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1. (a) State and prove Schwarz’s Lemma.

(b) Let U be a subdomain of the unit disc D; 0 ε U . Suppose f : U → D
is a biholomorphic map such that f(0) = 0. Then show that | f ′(0) |≥ 1
and | f(z) |≥| z | for all z ε U .

(c) If Ω is a simply connected proper subdomain of C then show that
there is a one-one holomorphic function from Ω into D.
(No! you may not assume Riemann mapping theorem!)

2. (a) Let f be an entire function such that lim
z→∞

f(z) = ∞.Then show

that f is a polynomial.

(b) If f is an one-one entire function then show that f satisfies the
hypothesis of part (a). Hence deduce that f(z) ≡ az + b for some
a ε C∗, b ε C.

3. (a) If f : Ω → C is a one-one holomorphic function then show that
f ′(z) ̸= 0 for all zεΩ.

(b) if f : Ω → C is a holomorphic function such that f ′(z) ̸= 0 for all
zεΩ then show that f is locally one-one.

4. Let Ω be a bounded planar domain and let f : Ω → C be a continuous
function which is non-constant and holomorphic on Ω.

(a) Show that ∂f(Ω) ⊆ f(∂Ω).

(b) If U is a planar domain such that U ∩f(Ω) ̸= φ but U ∩f(∂Ω) = φ
then show that U ⊆ f(Ω).

5. Let Ω be a simply connected domain and let F = {fεH(Ω) : f(z) ̸= ±1
for all zεΩ}.
(a) Show that, for each fε F , there is a gεH(Ω) such that f(z) ≡
cos(πg(z)).

(b) Hence show that there is an absolute constant ro > 0 such that for
any fε F , g(Ω) does not contain any disc of radius ro. Find an explicit
value of ro.


